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We review some exact solitonic solutions of string theory with higher-membrane struc- 
ture. These include an axionic instanton solution of bosonic string theory as well as multi- 
instanton and multimonopole solutions of heterotic string theory. The heterotic solutions 
reveal some interesting aspects of string theory as a theory of quantum gravity. 
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1. Introduction 



In recent work classical solitonic solutions of string theory with higher-membrane 
structure have been investigated. In this paper we consider some exact bosonic as well as 
heterotic solutions. 

We begin with a review of the results of in which the tree-level axionic instan- 
ton of is extended to an exact solution of bosonic string theory for the special case 
of a linear dilaton wormhole[^^. Exactness is shown by combining the metric and anti- 
symmetric tensor in a generalized curvature, which is written covariantly in terms of the 
tree- level dilaton field, and rescaling the dilaton order by order in the parameter The 
corresponding conformal field theory is written down. 

An exact multi-soliton solution of heterotic string theory |]5| with YM instanton struc- 
ture in the four dimensional transverse space can be obtained by equating the curvature 
of the Yang-Mills gauge field with the generalized curvature derived in This solution 
represents an exact extension of the tree-level fivebrane solutions of [^^,|T^ and combines 
the gauge and axionic instanton structures. 

Finally, we consider the recently constructed exact multimonopole solution of heterotic 
string theory |1TT| , |T2| . An interesting aspect of this string monopole solution is that the 
divergences stemming from the YM sector are precisely cancelled by those coming from 
the gravity sector, thus resulting in a finite action solution. 

For both classes of heterotic solutions, the interplay between the gravitational and 
gauge sectors reveals an interesting aspect of string theory as a finite theory of quantum 
gravity. 



2. Exact Bosonic Solution 

In a tree-level bosonic axionic instanton solution was written down. Here we review 
the exact extension of this solution]^] for the special case of a wormhole, and write down 
the corresponding conformal field theory. For this purpose we use the theorem of equiva- 
lence of the massless string field equations to the sigma-model Weyl invariance conditions 

(demonstrated to two-loop order by Metsaev and Tseytlin [p!3| , p^ ), which require the Weyl 
—G —B — $ 

anomaly coefficients {3^^ and 13 to vanish identically to the appropriate order in the 
parameter a' . The two-loop solution obtained by this method suggests a representation 
of the sigma model as the product of a WZW[^ model and a one-dimensional CFT (a 



Feigin-Fuchs Coulomb gas) . This representation allows us to obtain an exact solution. 
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The bosonic sigma model action can be written as [116 



/ = ^ jd'^x [^r^'dax^dbx^'g^, + ie'^'^daX^dbX^'B^, + a'^R^'^^ct^ , (2.1) 

where g^,^ is the sigma model metric, is the dilaton and B^i, is the antisymmetric tensor 
and where 7a6 is the worldsheet metric and R^"^^ the two-dimensional curvature. The Weyl 
anomaly coefficients are given by [|T3| , p^ 



Q 



)' 



/ 11 ^ ^^ 4\ 

+ — (^2(if2)^'^V,V.</> + Rl^^^ - -RHH + ^H^ + -{H^f + -VH ■ VHj 
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(2.2) 

where H^^x = d^^B^x], = -(a'2/24) V^if^, WH-VH = W c^Hp^s^^H^^^ and R' jki 
is the generalized curvature defined in terms of the standard curvature jki and H^^p 
byH 



R^ jkl — R^jkl + 2 {"^l^^jk " ^kH^jl) + ^ {H^jkH'^im — H"^ jiW km) ■ (2.3) 

One can also define jki as the Riemann tensor generated by the generalized Christoffel 
symbols where F^^ = F^^ — {1/2)H^ ^p- Unless otherwise indicated, all expressions 
are written to two loop order in the beta-functions, which corresponds to 0{a') in the 
action. 

For any dilaton function satisfying e~^'^n e^^ = with 
g^u = e^'^df^i, /i, = 1, 2, 3,4, 

gab = Sab a, 6= 5, ...,26, (2.4) 
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the 0{a') Weyl anomaly coefficients vanisli[|T|. Tliis can be seen as follows. For any solution 
of the form (|2.4|) , we can express the generalized curvature in covariant form in terms of 
the dilaton field </>: 



R^'jki = SiiVkVj(p-SikViVj(p+SjkViVi(p-SjiVkVi(p±eijkrn'^i^ (2.5) 
It follows from ( |23D that 

^(^,) = -2V^V,(/), 

It also follows from (12.41) that 



V^ct> = 0, 

H^^^dxcp = 0, (2.7) 
= 24{d(pf. 

From ( |2.6|) and ( p.7|) it follows that the 0{a') terms in the Weyl anomaly coefficients 
in (|2.2| ) vanish identically for the ansatz ( |2.4]) . A tree- level multi-instanton solution is 
therefore given by ( |2.4| ) with the dilaton given by 



" Q 
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where Qi is the charge and Si the location in the four-space (1234) of the ith instanton. 
We call (1234) the transverse space, as the solitons have the structure of 21-f-l-dimensional 
objects embedded in a 2 6- dimensional spacetime. 

We now specialize to the spherically symmetric case of e^*^ = Q/r^ in (|2.4| ) and 



determine the 0{a') corrections to the massless fields in (|2.4|) so that the Weyl anomaly 
coefficients vanish to 0(a'^). For this solution we notice 

V^V,(/> = 0, (2.9) 



and therefore from (|2.5|) 



R'jki = 0, (2.10) 
3 



and we have what is caUed a "paraUehzable" space[13,n]. To maintain a paraUehzable 
space to 0{a') we keep g^i, and H^p-y in their lowest order form and assume that any 
corrections to ( |2.4| ) appear in the dilaton: 



bo + a'(pi + ... 



e 



2<ko - 9. 

2 ' 



(2.11) 

yfiu <^ "/if! 

H^i,x = ±e^,^\^d'^(j)o. 



It follows from ( |mD that = 24{d(poy = 24/ Q and thus W^, = 0. It follows from 

^ ^ 

that (3^^ and (3^^ vanish identically to two loop order and that 



^ IQ y Am^^p 2 24 8 ^ ''^^ 3 J 



(2.12) 



p2 _ 
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RHH = 






2 


VH-VH = 


0. 



We use the relations in equation (34) in |]T^ for paraUehzable spaces and the observation 
that {Hf^j,Y = 2-^"^ = 192/(5^ for our solution to get the identities 



(2.13) 



( p.l2|) then simplifies further to 

t-'l.,{,e,f-l),2f,. (.14, 

The lowest order term in (3 is proportional to the central charge and the 0{a') terms 
vanish identically. With the choice '^(f)! = —{l/Q)'^(f)o, the 0{a''^) terms also vanish 
identically. The two-loop solution is then given by 

2(h Q 



e 



r2(i-^)' 



a =9^5 ^2.15) 
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which corresponds to a simple rescahng of the dilaton. A quick check shows that this 

solution has finite action near the singularity. 

<j> 

We now rewrite {3 in (|2.14| ) in the following suggestive form: 



6^^ = (1 + Qa'idct^f) + (3 - 6^ + 12(^)2) 



(2.16) 



4. 



— $ 

The above splitting of the central charge c = 6/9 suggests the decomposition of the corre- 
sponding sigma model into the product of a one-dimensional CFT (a Feigin-Fuchs Coulomb 
gas) and a three-dimensional WZW model with an SU{2) group manifold [^|T^,|T^. This 



can be seen as follows. Setting u = Inr, we can rewrite ( |2.1D for our solution^ in the form 
I = Ii + I3, where 

h = j (fx (Q{duf -f (2.17) 

is the action for a Feigin-Fuchs Coulomb gas, which is a one-dimensional CFT with central 
charge given by ci = 1 + 6a'(9^)^[|T^. The imaginary charge of the Feigin-Fuchs Coulomb 
gas describes the dilaton background growing linearly in imaginary timeP,H]. is the 



Wess-Zumino-Witten []T5| action on an SU{2) group manifold with central charge 



3A; 6 12 , , 

where k = Q/a', called the "level" of the WZW model, is an integer. This can be seen 
from the quantization condition on the Wess-Zumino term|T^ 



lwz = -r^ I (fxe'^^'daX^d^x^B^^ 

- d''xe''^''daX''dhx''d,x^H^,x (2.19) 



127ra' 
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= 2m{ — 

Thus Q is not arbitrary, but is quantized in units of a'. 

We use this splitting to obtain exact expressions for the fields by fixing the metric 
and antisymmetric tensor field in their lowest order form and rescaling the dilaton order 
by order in a' . The resulting expression for the dilaton is 



3. Exact Heterotic Multi-Instanton Solution 

We now turn to the heterotic multi-instanton solution of 0,01 • The tree-level super- 
symmetric vacuum equations for the heterotic string are given by 

#M = (Vm - IHmabT'^'') e = 0, (3.1) 

SX = {T^dAcI) - ii^AMcr^^^) e = 0, (3.2) 

6x = FABr^'^'e = 0, (3.3) 

where ifjM, A and x cire the gravitino, dilatino and gaugino fields. The Bianchi identity is 
given by 

dH = a' {trR AR- ^TrF A F) . (3.4) 

The (9 + 1) -dimensional Majorana-Weyl fermions decompose down to chiral spinors 
according to SO{9, 1) D S'0(5, 1) (g) SO{4) for the M^'^ M^'^ x decomposition. Let 
fx, ly, X,a = 1, 2, 3, 4 and a, 6 = 0, 5, 6, 7, 8, 9. Then the ansatz 

9ab = Vab, (3.5) 

Hfj,,y\ = ±e^^\(jd'^ (I) 

with constant chiral spinors t± solves the supersymmetry equations with zero background 
fermi fields provided the YM gauge field satisfies the instanton (anti) self-duality condition 

F^, = i^e^Z-^FA.. (3.6) 

An exact solution is obtained as follows. Define a generalized connection by 

^±M = '^tP =t (3.7) 
embedded in an SU(2) subgroup of the gauge group, and equate it to the gauge connection 



A^[|T9[ so that dH = and the corresponding curvature R{yt±) cancels against the Yang- 
Mills field strength F. As in the bosonic case, for e~^'^n e^^ = with the above ansatz, 
the curvature of the generalized connection can be written in the covariant form[Q 

(3.8) 
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from which it easily foUows that 



^(^^±);r = (3.9) 



Thus we have a solution with the ansatz (|3.5| ) such that 



FJT = i?(^^±)ir' (3-10) 

where both F and R are (anti) self-dual. This solution becomes exact since = fl±f^ 
implies that all the higher order corrections vanish [1T9| , |20|j2l] ,|6|,|7|,p2| . The self-dual solution 



for the gauge connection is then given by the 't Hooft ansatz 

= zE^,a,ln/. (3.11) 
For a multi-instanton solution / is given by 

N 2 

/ = e-2'^°e2'^ = 1 + y — (3.12) 



1=1 



where is the instanton scale size and Si the location in four-space of the zth instanton. An 

interesting feauture of the heterotic solution is that it combines a YM instanton structure 

in the gauge sector with an axionic instanton structure in the gravity sector. In addition, 

the heterotic solution has finite action. 

Note that the single instanton solution in the heterotic case carries through to higher 

order without correction to the dilaton. This seems to contradict the bosonic solution by 

— $ 

suggesting that the expansion for the Weyl anomaly coefficient /3 terminates at one loop. 
This contradiction is resolved by noting that for a supersymmetric ansatz the bosonic 
contribution to the central charge is given by[p3[ 

c. = ^ , (3.13) 

where k' = k — 2. This reduces to 



which indeed terminates at one loop order. The exactness of the sphtting then requires 
that Ci not get any corrections from (9$)^ so that ci + C3 = 4 is exact for the tree-level 
value of the dilatonp,0,|2l. 

The exact heterotic instanton represents a nonperturbative classical solution combin- 
ing the massless fields in the string gravitational sector with the YM field in the gauge 
sector. If the extension of this solution to an exact string loop solution is also nonpertur- 
bative, the heterotic instanton may provide a potential testing ground for string theory as 
a finite theory of quantum gravity. In addition, there is the hope that this type of finite 
action instanton solution may eventually lead to an understanding of the vacuum in string 
theory, a role analogous to that of the instanton in YM field theory. 



4. Exact Heterotic Multimonopole Solution 

In this section we consider the exact multimonopole solution of heterotic string theory 



obtained in |T^,|T2[- The derivation of this solution closely parallels that of the multi- 
instanton solution reviewed in section 3, but in this case, the solution possesses three- 
dimensional (rather than four-dimensional) spherical symmetry near each source. The 
reduction is effected by singling out a direction in the transverse space. An exact solution 
is now given by 

dfJ.iy' ^ ^fiiyi Qab Vabi 

(4.1) 

^24^ = e^-^o/. 



where in this case 



N 

rrii 



^ F - 

1=1 

where is the charge and the location in the three-space (123) of the ith monopole. 
If we identify the scalar field as $ = A4, then the SU{2) gauge and scalar fields may be 



simply written in terms of the dilaton as [11.1 



Al = — e^'^^a^ 



for the self-dual solution. For the anti-self-dual solution, the scalar field simply changes 
sign. Here g is the YM coupling constant. Note that drops out in (|4.3|). 



The above solution (with the gravitational fields obtained directly from (^4.1|) and 
( [4 .21) ) represents an exact multimonopole solution of heterotic string theory and has the 
same structure in the four-dimensional transverse space as an analogous multimonopole 
solution of the YM + scalar field action [|TT],|T^. If we identify the (123) subspace of the 



transverse space as the space part of the four-dimensional spacetime (with some toroidal 
compactification, similar to that used in |]2^) and take the timelike direction as the usual 
X^, then the monopole properties of the field theory solution carry over directly into the 
string solution. 

The string action contains a term —a'F^ which diverges as in the field theory solution 
(see However, this divergence is precisely cancelled by the term a'i?^(0±) in the 

O(a') action. This result follows from the exactness condition = which leads to 
dH = and the vanishing of all higher order corrections in a'. Another way of seeing 
this is to consider the higher order corrections to the bosonic action shown in pO| , pT| . All 
such terms contain the tensor Tmnpq, a generalized curvature incorporating both R{Q±) 
and F. The ansatz is constructed precisely so that this tensor vanishes identically |ll|,p2| . 
The action thus reduces to its finite lowest order form and can be calculated directly for a 
multi-source solution from the expressions for the massless fields in the gravity sector. 

The divergences in the gravitational sector in heterotic string theory thus serve to 
cancel the divergences stemming from the field theory solution. This solution thus provides 
an interesting example of how this type of cancellation can occur in string theory, and 
supports the promise of string theory as a finite theory of quantum gravity. Another point 
of interest is that the string solution represents a supersymmetric multimonopole solution 
coupled to gravity, whose zero-force condition in the gravity sector (cancellation of the 
attractive gravitational force and repulsive antisymmetric field force) arises as a direct 
result of the zero-force condition in the gauge sector (cancellation of vector and scalar 
forces of exchange) once the gauge connection and generalized connection are identified. 



5. Conclusion 

We outlined in section 2 the bosonic tree-level axionic instanton solution of and its 
exact extension for the case of a single instanton wormhole solution[0. A combination of 
the YM gauge instanton and the axionic instanton solution led to an exact multi-instanton 
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solution in heterotic string theory which was discussed in section 3. FinaUy, in section 
4 we turned to the recently constructed exact multimonopole solution of heterotic string 
theory 

For both heterotic instantons and monopoles, if the nonperturbative nature of these 
classical solutions carries over to their quantum string-loop extensions, we may eventually 
gain some insight into the nature of string theory as a finite theory of quantum gravity. 
The heterotic instanton solution may perhaps play a role analogous to that of instantons in 
field theory by providing an understanding of the structure of the vacuum in string theory. 

An interesting aspect of the monopole solution is that the YM divergences of the 
modified 't Hooft ansatz are precisely cancelled in the string theory solution by similar 
divergences in the gravity sector, resulting in a finite action solution. This finding is 
significant in that it represents an example of how string theory incorporates gravity in 
such a way as to cancel infinities inherent in gauge theories. It will be especially noteworthy 
if the quantum string loop extension of this solution retains this feature. 



10 



References 



[1] R. R. Khuri, Phys. Lett. B259 (1991) 261. 

[2] S.-J. Rey Axionic String Instantons and their Low-Energy Implications, Proceedings, 

Tuscaloosa 1989, Superstrings and particle theory, p. 291. 
[3] I. Antoniadis, C. Bachas, J. Ellis and D. V. Nanopoulos, Phys. Lett. B211 (1988) 

393. 

[4] I. Antoniadis, C. Bachas, J. Ellis and D. V. Nanopoulos, Nucl. Phys. B328 (1989) 
117. 

[5] D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, Nucl. Phys. B256 (1985) 253. 
[6] C. G. Callan, J. A. Harvey and A. Strominger, Nucl. Phys. B359 (1991) 611. 
[7] C. G. Callan, J. A. Harvey and A. Strominger, Nucl. Phys. B367 (1991) 60. 
[8] A. Strominger, Nucl. Phys. B343 (1990) 167. 
[9] M. J. DufF and J. X. Lu, Nucl. Phys. B354 (1991) 141. 
[10] M. J. Duff and J. X. Lu, Nucl. Phys. B354 (1991) 129. 

[11] R. R. Khuri A Multimonopole Solution in String Theory, Texas A&M preprint, 

CTP/TAMU-33/92 (submitted to Phys. Lett. B). 
[12] R. R. Khuri A Heterotic Multimonopole Solution, Texas A&M preprint, CTP/TAMU- 

35/92 (submitted to Nucl. Phys. B). 
[13] R. R. Metsaev and A. A. Tseythn, Phys. Lett. B191 (1987) 354. 
[14] R. R. Metsaev and A. A. Tseythn, Nucl. Phys. B293 (1987) 385. 
[15] D. Gepner and E. Witten, Nucl. Phys. B278 (1986) 493. 
[16] C. Lovelace, Phys. Lett. B135 (1984) 75. 

[17] B. E. Fridling and A. E. M. Van de Ven, Nucl. Phys. B268 (1986) 719. 
[18] P. Ginsparg, Lectures delivered at Les Houches summer session, June 28-August 5, 
1988. 

[19] M. Dine, Lectures delivered at TASI 1988, Brown University (1988) 653. 
[20] E. A. Bergshoeff and M. de Roo, Nucl. Phys. B328 (1989) 439. 
[21] E. A. Bergshoeff and M. de Roo, Phys. Lett. B218 (1989) 210. 

[22] R. R. Khuri, Some Instanton Solutions in String Theory, Proceedings of the XXth 
International Conference on Differential Geometric Methods in Theoretical Physics, 
World Scientific, October 1991. 

[23] W. Boucher, D. Friedan and A. Kent, Phys. Lett. B172 (1986) 316. 

[24] J. A. Harvey and J. Liu, Phys. Lett. B268 (1991) 40. 



11 



